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Symmetric coinvariant algebras and local Weyl modules





$n$ $S_{n}$ . triv sign ,
$G$ $\mathbb{C}[G]$ . $G$ $L$ $G$ $H$
$L^{H}$ $H$ . $H$ $L$ $G$
$\mathrm{I}\mathrm{n}\mathrm{d}_{H}^{G}L=\mathbb{C}[G]\otimes_{\mathbb{C}[H]}L$ .
$V$ $V^{\otimes n}$ $n$ , $S^{n}(V)$
$n$ .
$e_{k}(x_{1}, \ldots, x_{i})$ $x_{1)}\ldots$ , $k$ .
, $e_{1},$ $\ldots fe_{n}$ $x_{1},$ $\ldots,$ $x_{n}$
$e_{i}=e_{i}(x_{1}, \ldots, x_{n})$ , $f_{1},$ $\ldots,$ $f_{n}$ $y_{1},$ $\ldots,$ $y_{n}$
$f_{i}=e_{i}(y_{1}, \ldots, y_{n})$ .
$R$ $S$ , $\langle S\rangle_{R}$ $S$ $R$ .
2 Symmetric coinvariant algebra
symmetric coinvariant algebra ( )
. .
$n$ $S_{n}$ ,




$\mathbb{C}[x_{1}, \ldots, x_{n}]_{+}^{S_{n}}$ $=\{P\in \mathbb{C}[x_{1}, \ldots, x_{n}]^{S_{n}}|P(0, \ldots, 0)=0\}$
, symmetric coinvariant algebra
$\mathbb{C}[x_{1}, \ldots, x_{n}]_{S_{n}}=\mathbb{C}[x_{1}, \ldots, x_{n}]/\langle \mathbb{C}[x_{1}, \ldots, x_{n}]_{+}^{S_{n}}\rangle_{\mathbb{C}[x_{1},\ldots,x_{n}]}$
$=\mathbb{C}[x_{1}, \ldots, x_{n}]/\langle e_{1}, \ldots, e_{n}\rangle_{\mathbb{C}[x_{1},\ldots,x_{n}]}$
. $S_{n}$ .
, .




$\mathbb{C}[x]$ $M$ $A$ .
$M$ ( , ) $\mathbb{C}$ , A
. $A$ $\epsilon$ : $Aarrow \mathbb{C}$ , $\epsilon$ $A$
$n$
$A^{\otimes n}$ .
$.\in:A^{\otimes n}arrow \mathbb{C}$ .
$A$ $n$
$A^{\otimes n}$ $n$ $S_{n}$
:





, $A$ symmetric coinvariant algebra
$A_{S_{n}}^{\otimes n}=A^{\otimes n}/\langle(A^{\otimes n})_{+}^{S_{n}}\rangle_{A\otimes n}$
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.
, $A=\mathbb{C}[x]$ , $\epsilon$ : $Aarrow \mathbb{C}$ $\epsilon(P)=P(0)(P\in A)$ ,
.
Feigin, Loktev . ([6])
.
(1)
$A=\mathbb{C}[x]/\langle x^{d}\rangle_{\mathbb{C}[x]}$ $(d\geq 1)$
$\epsilon$ : $Aarrow \mathbb{C}$
$\epsilon(P)=P(0)$ $(P\in A)$
. $A$ $M$ 0
0 . $d\geq 2$ , $A$ .
, $A$ symmmetric coinvariant algebra $A_{S_{n}}^{\otimes n}$ ,
$A_{S_{n}}^{\otimes n}=\mathbb{C}[x_{1}, \ldots, x_{n}]/\langle e_{1,\}}\ldots e_{d-1}, x_{1}^{d}, \ldots, x_{n}^{d}\rangle_{A\otimes n}$
, Deconcini-Procesi-Tanisaki $S_{n}$
.
Definition2. $\mu\in P_{n}$ ,
$\ovalbox{\tt\small REJECT}=\langle e_{m}(x_{i_{1}}, \ldots, x_{i_{n-k+1}})$






Proposition 3. $\mu=(d^{q}, r)$ ( , $n=qd+r,$ $0\leq r<d$ )
, $\mu’$ $\mu$
$\mathbb{C}[x_{1,\}}\ldots x_{n}]/\langle e_{1,)}\ldots e_{d-1}, x_{1’\prime}^{d}\ldots.x_{n}^{d}\rangle_{\mathbb{C}[x_{1},\ldots,x_{n}]}--R_{\mu’}$
.
2$1
Proof. Section A .
DeConcini-Procesi-Tanisaki $S_{n}$ ,
, , symmetric coinvariant
algebra $S_{n}$ .
Proposition 4. $\mu=(\mu_{1_{?}}\ldots, \mu_{l})$ , $S_{n}$
:




$\epsilon$ : $Aarrow \mathbb{C}$
$\epsilon(P)=P(0,0)$ $(P\in A)$
, $A$ $M$ 2
$\mathbb{C}^{2}$ , $\epsilon$ (
$(0, 0)$ evaluation . $A$ symmetric coinvariant
algebra $A_{S_{n}}^{\otimes n}$ diagonal coinvariant algebra , $S_{n}$
$\mathrm{I}$ $\text{ }$




. ([3], [4], [5])
3 ,
symmetric coinvariant algebra . symmtric





, symmetric coinvariant alge-
$\mathrm{b}\mathrm{r}\mathrm{a}$ .
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, syrrimtric coinvariant algebra $A_{S_{n}}^{\otimes n}$ . $A$
$M$ 0 , $\epsilon$ evaluation
.
.
Theorem 5. $S_{n}$ :
$A^{\otimes n}-\sim \mathbb{C}[s_{n}S_{n}]\oplus(n-1)\mathrm{I}\mathrm{n}\mathrm{d}_{S_{2}^{n}}^{S}$ sign.
3 Local Weyl module
Feigin, Loktev symmetric coinvariant
algebra local Weyl module ( Weyl )
Lie . , local Weyl
module .
Section 2 symmetric coinvariant algebra $M$
( , ) $\mathbb{C}$ , $A$
. $A$ $\epsilon$ : $Aarrow \mathbb{C}$ .
, $g[_{r+1}\otimes A$ Lie . $\lambda\in \mathfrak{h}^{*}$ , local
Weyl module $W_{M}(\epsilon,$ $\lambda 1$, $\epsilon \mathfrak{l}_{r+1}$ $\epsilon \mathrm{t}_{r+1}\otimes A$
cyclic vector $v_{0}$ :
$(\mathrm{n}_{+}\otimes P)v0=0$ , $(h\otimes P)v_{0}=\lambda(h)\epsilon(P)v_{0}$ .
$P\in A,$ $h\in \mathfrak{h}$ .
local Weyl module $M=\mathbb{C}$ Chari, Pressley ,
ffR $M$ Feigin, Loktev . ([2], [6])
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Local Weyl module $\epsilon$ symmetric coinvariant algebra
$V_{r+1}$ $g[_{r+1}$ , $\omega_{1}$ . $\lambda=n\omega_{1}$
$(n\in \mathbb{Z}\geq 0)$ , symmetric coinvariant algebra $A_{S_{n}}^{\otimes n}$ local Weyl mod-
ule $W_{M}(\epsilon, n\omega_{1})$ Schure-Weyi .
Theorem 6([6]). $\epsilon \mathfrak{l}_{r+1}$ :
$W_{M}(\epsilon_{2}n\{4\mathit{1}1)-\sim(V_{r+1}^{\otimes n}\otimes A_{S_{n}}^{\otimes n})^{S_{n}}$ .
Theorem 5 $A=\mathbb{C}[x, y]/\langle xy$)
local Weyl module $+1$ .
Corollary 7. $\epsilon \mathfrak{t}_{r+1}$




[10] . 3 .
, $A_{S_{n}}^{\otimes n}$ , $A_{S_{n}}^{\otimes n}$
. 2 , $A_{S_{n}}^{\otimes n}$ $S_{n}$
$A^{\otimes n}$
$R_{i,j}^{n}$ . [7] DeConcini-Procesi-Tanisaki
$R_{i,j}^{n}$
. 3 , $R_{i,\dot{g}}^{n}$ , 2
$R_{i,j}^{n}$ $A_{S_{n}}^{n}$ .
$A^{\otimes n}$ $\{F_{i}A^{\otimes n}\}_{1\leq i\leq n}$ :
$\ovalbox{\tt\small REJECT} A^{\otimes n}=\sum_{|J|=i}y_{J}A^{\otimes n}$
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, $J=\{j_{1}, \ldots, j_{i}\}$ $y_{J}=yj_{1}\cdots yj_{i}$ .
$A_{S_{n}}^{\otimes n}$ $\{F_{i}A_{S_{n}}^{\otimes n}\}_{1\leq i\leq n}$ .
$S_{n}$ ,
$\mathrm{g}\mathrm{r}A_{S_{n}}^{\otimes n}$ $A_{S_{n}}^{\otimes n}$ . , :
$\mathrm{g}\mathrm{r}_{0}A_{s_{n}^{n}}^{\Phi}=\mathbb{C}[x_{1}, \ldots, x_{n}]s_{n}-\sim \mathbb{C}[S_{n}]$ ,
$\mathrm{g}\mathrm{r}_{n}A_{S_{n}}^{\otimes n}=0$ .
$1\leq \mathrm{i}\leq n-1$ $\mathrm{g}\mathrm{r}_{i}A_{S_{n}}^{\otimes n}$ .
:
Proposition 8. $1\leq \mathrm{i}\leq n-1$ ,
$\mathrm{g}\mathrm{r}_{i}A_{S_{n}}^{\otimes n}\simeq \mathrm{I}\mathrm{n}\mathrm{d}_{S_{2}}^{S_{n}}$ sign
$S_{n}$ .
, $A_{s_{n}}^{\otimes n}$ ,
.
$A_{S_{n}}^{\otimes n}$ $R_{i,j}^{n}$
$1\leq \mathrm{i},$ $j\leq n$ $A_{S}^{\bigotimes_{n}n}$ $R_{i,j}^{n}$ :
$R_{i,j}^{n}=A^{\otimes n}/J_{i_{)}j}^{n}$ ,
$J_{i,j}^{n}=\langle f_{1},.\cdot.,f_{j-1},y_{J}(|J|=j)e_{1},...’ e_{i-1},x_{I}(_{1}^{1}I|=i)\rangle_{A\otimes n}$ .
$i=j=n$ $R_{n,n}^{n}$ $A_{S_{n}}^{\otimes n}$ .
\Re $R_{i,j}^{n}$ $A_{S_{n}}^{\otimes n}$
. , $i+j\leq n+1$ DeConcini-
Procesi-Tanisaki [7]
$R_{i,j}^{n}$ .
$\mathrm{i},$ $j\geq 1,$ $i+j\leq n+1$ $a_{1},$ $\ldots$ ? $a_{i-1}\in \mathbb{C}^{\mathrm{x}}$ ,
$b_{1},$
$\ldots,$







. $S_{n}$ $M^{n}$ . $W$ $z_{0}$
$S_{n}$ , $\# W=\#(S_{n}/S_{n-i-j+2})=n!/(n-\mathrm{i}-j+2)!$
.
$R_{W}$ $W$ , :
$I_{W}$ $=$ $\{P\in A^{\otimes n}|P(z)=0 (z\in W)\})$
$R_{W}$ $=A^{\otimes n}/I_{W}$ .
. , $R_{W}$ $S_{n}$ , $S_{n}$
$R_{W}-\sim \mathrm{I}\mathrm{n}\mathrm{d}_{S_{n-i-j+2}^{n}}^{S}$ triv .




$f_{k}\in \mathrm{g}\mathrm{r}I_{W}(1\leq k\leq n)$ $x_{I}\in \mathrm{g}\mathrm{r}I_{W}(\# I=\mathrm{i})_{7}y_{J}\in \mathrm{g}\mathrm{r}I_{W}$
( $\# J=$ , $R_{i,j}^{n}$ $\mathrm{g}\mathrm{r}R_{W}$ $S_{n}$
$R_{i,j}^{n}arrow \mathrm{g}\mathrm{r}R_{W}$
. , $n$ $R_{\hat{l},j}^{n}$ $n!/(n-\mathrm{i}-$
$j+2)!$ . $S_{n}$
.
Lemma 9. $i,$ $j\geq 1,$ $\mathrm{i}+j\leq n+1$ $S_{n}$
:
$R_{i,j}^{n}-\sim \mathrm{I}\mathrm{n}\mathrm{d}_{S_{n-i-j+2}}^{S_{n}}$ triv.
$1\leq \mathrm{i}\leq n-1$ , $S_{n}$ :
$0arrow \mathrm{g}\mathrm{r}_{i}A_{S_{n}}^{\otimes n}arrow R_{n-i,i+1}^{n}arrow R_{n-i,i}^{n}arrow 0$.
, $R_{n-i,i+1}^{n},$ $R_{n-i,i}^{n}$ Lemma 9
$\ovalbox{\tt\small REJECT}$





. $\mathrm{g}\mathrm{r}_{is_{n}-}A^{\otimes n}\sim \mathrm{I}\mathrm{n}\mathrm{d}_{S_{2}}^{S_{n}}$ sign , Proposition 8 .
,
$\mathrm{g}\mathrm{r}A^{\otimes n}-\sim \mathbb{C}[\mathrm{o}s_{n}S_{n}]$ ,
$\mathrm{g}\mathrm{r}_{i}A_{s_{n}-}^{\otimes n}\sim \mathrm{I}\mathrm{n}\mathrm{d}_{S_{2}}^{S_{n}}$ sign $(1 \leq \mathrm{i}\leq n-1)$ ,
$\mathrm{g}\mathrm{r}_{n}A_{S_{n}}^{\otimes n}=0$ .
,




Proposition 3 . .
Definition 10. $\mu\in P_{n}$ ,
$\ovalbox{\tt\small REJECT}=\{e_{m}(x_{i_{1}}, \ldots, x_{i_{n-k+1}})$







$A=\mathbb{C}[x]/\langle x^{d}\rangle_{\mathbb{C}[x]}$ $(d\geq 1)$
$\epsilon$ : $Aarrow \mathbb{C}$
$\epsilon(P)=P(0)$ $(P\in A)$
. $\mu=(d^{q}r)\}$ ( $n=qd+r,$ $0\leq r<d$ ) , $\mu’$
$\mu$ , $A$ symmetric coinvariant algebra




$\{e_{l}(x_{i_{1}}, \ldots, x_{i_{n-k+1}})|k=1,\ldots,q+1(k-1)(d-1)<l\leq n-k+1\}_{\mathbb{C}[x_{1},\ldots,x_{n}]}=I_{\mu’}$
.
Lemma 12. $(k-1)(d-1)<t\leq n-k+1$ :
$e_{l}(x_{i_{1)}}\ldots, x_{i_{n-k+1}})\in\langle x_{1}^{d},,x_{n}^{d}e_{1},..\cdot.\cdot.’ e_{n}\rangle_{\mathbb{C}[x_{1},\ldots,x_{n}]}$ .




, $h_{l}(x_{1}, \ldots, x_{i})$
$\prod_{j=1}^{i}(1-x_{j}t)^{-1}=\sum_{l}h_{l}(\prime x_{1}, \ldots, x_{i})t^{l}$ (1)
, $\{x_{i_{1)}}\ldots, x_{i_{n-k+1}}\}$ , $\{x_{j_{1}}, \ldots, x_{j\kappa\wedge-1}\}$
$\prod_{p=1}^{n}(1-x_{p}t)\prod_{p=1}^{k-1}(1-x_{j_{\mathrm{p}}}t)^{-1}=\prod_{p=1}^{n-k+1}(1-x_{i_{p}}t)$
$t$ $l$
$h_{l}(x_{j_{1}}, \ldots, x_{j_{k-1}})-h_{l-1}(x_{j_{1}}, \ldots, x_{j_{k-1}})e_{1}+\ldots$
$+(-1)^{l-1}h_{1}(x_{j_{1}}, \ldots, x_{j_{k-1}})e_{l-1}+(-1)^{l}e_{l}=$
$(-1)^{j}e_{l}(x_{i_{1}}, \ldots, x_{i_{n-k+1}})$ (2)
. $\langle e_{1_{?}}\ldots, e_{n}\rangle_{\mathbb{C}[x_{1)}\ldots,x_{n}]}$
$e_{l}$ ( $x_{i_{1}},$ $\ldots$ , x k+l)\equiv (-l)lhl $(x_{j_{1’}}\ldots x_{j_{k_{i}-1}})$ (3)
208
. $l>(k-1)(d-1)$ ,
$h_{l}(x_{J1}-, \ldots, x_{j_{k-1}})\in\langle x_{1}^{d}, \ldots x_{n}^{d}\rangle_{\mathbb{C}[x_{1},\ldots,x_{n}]}7$ (4)
. 7 (1) $h_{l}(x_{j_{1}}, \ldots, x_{j_{k-1}})$ $\langle x_{1}^{d}, \ldots, x_{n}^{d}\rangle_{\mathbb{C}[x_{1},\ldots,x_{n}]}$
$h_{l}(x_{j_{1}}, \ldots, x_{j_{k-1}})$ $(k-1)(d-1)$
, $l>(k-1)(d-1)$ .
(3), (4) .
, (2) $1\leq j\leq n$
$x_{j}^{d}-x_{j}^{d-1}e_{1}+\cdots+(-1)^{d-1}x_{j}e_{d-1}+(-1)^{d}e_{d}=(-1)^{d}e_{d}(x_{1}, \ldots,\hat{x_{j}}, \ldots, x_{n})$
, $e_{1}$ , . . . , e $e_{d}(x_{1}, \ldots,\hat{x_{j}}, \ldots, x_{n})$ $I_{\mu}/$ ,
$x_{j}^{d}\in I_{\mu^{J}}$ .
.
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